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DUALITY RESULTS IN BANACH AND QUASI-BANACH SPACES OF 
HOMOGENEOUS POLYNOMIALS AND APPLICATIONS 

VINICIUS V. FAVARO AND DANIEL PELLEGRINO 


Abstract. Spaces of homogeneous polynomials on a Banach space are frequently equipped with quasi¬ 
norms instead of norms. In this paper we develop a technique to replace the original quasi-norm by a 
norm in a dual preserving way, in the sense that the dual of the space with the new norm coincides 
with the dual of the space with the original quasi-norm. Applications to problems on the existence 
and approximation of solutions of convolution equations and on hypercyclic convolution operators on 
spaces of entire functions are provided. 
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1. Introduction 

In the 1960s, many researchers began the study of spaces of holomorphic functions defined on infinite 
dimensional complex Banach spaces. In this context spaces of n-homogeneous polynomials play a central 
role in the development of the theory. Several tools, such as topological tensor products and duality 
theory, are useful and important when we are working with spaces of homogeneous polynomials. Many 
duality results on spaces of homogeneous polynomials and their applications have appeared in the last 
decades (see for instance ® 0 E| EB mi HI Ql [201 (21 M (2S1121 (HI HD 06] among others). In this 
paper we develop a new technique in the duality theory of spaces of homogeneous polynomials and we 
give some applications. 

Let £ be a complex Banach space, n £ N and T( n E) be the Banach space of all continuous n- 
homogeneous polynomials from E to C with its usual norm. Suppose that (Pa { n E), ||j| A ) is a quasi- 
normed space of n-homogeneous polynomials on E such that the inclusion Pa ( n E) c —>• V( n E) is conti¬ 
nuous and Vf( n E ) C Pa ( n E), where Vf( n E) denotes the subspace of V( n E) of all polynomials of finite 
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type. Let Ca„ > 0 be such that ||P|| < Ga„ ||P|| a , for all P G Va( u E). Suppose that the normed 
space (pA'( n E'), ||-|| A ,) C V( n E') is such that the Borel transform 

B : 0Pa("£)', INI) -t (V A '( n E'), ||-|| A ,) 

given by B (T) ( ip) = T(ip n ), for all <p G E' and T G Va^E)' , is a topological isomorphism. In this 
paper we develop a technique to construct a norm in Va( u E) in such way that this normed space (or 
its completion denoted by (P A ( n E ), ||-|| A )) preserves the duality given by the Borel transform, that is 
the topological isomorphism given by the Borel transform is still valid when we use P A ( n E ) instead of 
Va ( n E ). As applications of this result, we prove that, under suitable conditions, (P A ( n P))^ 0 is a 
holomorphy type and we provide new examples of hypercyclic convolution operators and new existence 
and approximation results for convolution equations. 

The paper is organized as follows: 

In Section [2] we develop the general theory to obtain a norm in the quasi-normed space Va ( n E) and 
to keep the duality via Borel transform. We also prove some technical results needed to the applications. 
In Section [3] we present background results that will be needed in the next section. 

In Section [4] we obtain the aforementioned applications in a case that was not possible before. We 
use as a prototype of model the class of Lorentz nuclear polynomials. 

Throughout the paper N denotes the set of positive integers and No denotes the set NU{0}. The letters 
E and F will always denote complex Banach spaces and E' represents the topological dual of E and 
E" its bidual. The Banach space of all continuous m-homogeneous polynomials from E into F endowed 
with its usual sup norm is denoted by V( m E ; F). The subspace of V( m E; F) of all polynomials of finite 
type is represented by Vf( m E;F). The linear space of all entire mappings from E into F is denoted 
by H(E-F). When F = C we write V( m E), V f ( m E) and H(E) instead of P( m P;C), P/( m P;C) and 
T-L(E'C), respectively. For the general theory of homogeneous polynomials and holomorphic functions 
we refer to Dineen m and Mujica [48 j . If G and H are vector spaces and (•, •) is a bilinear form on 
G x H, we denote by (G,H, (-,-)) (or ( G,F[ ) for short) the dual system. We denote by a(G,Ft) the 
weak topology with respect to the dual system (G, iL), that is, the coarsest topology on G for which 
the linear forms x —> (x, y ), y G FI are continuous. 

2. Main results 

Let hGN and suppose that (Pa(’ % E), ||-|| a ) is a quasi-normed space of n-homogeneous polynomials 
defined on E such that the inclusion Va^E) V( n E) is continuous and Vf( n E) C Va( n E). Let 
Ga„ > 0 be such that ||P|| < Ga„ ||P|| a , for all P G Va{ n E). Suppose that the normed space 
(Va’{ n E'), ||• ||A') C V( n E') is such that the Borel transform 

B : (VA( n E)',\\-\\) ^ (V A '( n E'),\\.\\ A ,) 

given by B ( T ) (ip) = T(ip n ), for all ip G E’ and T G Va( n E)', is a topological isomorphism. 

We will show that the pair 

(V A ( n E),VA'( n E')) 

is a dual system. More precisely, we will prove that there exists a bilinear form (•; •) on 

VaCE) xVA’( n E') 

such that the following conditions hold: 

(51) (P ; Q) = 0 for all Q G Va' ( n E r ) implies P = 0. 

(52) (P; Q)= 0 for all P G V A ( n E) implies Q = 0. 

Let 

(v> : V A ( n E) xVA'( n E’) — 

be defined by 


It is clear that (•, •) is bilinear. 


(P-Q) = B- 1 (Q) (P). 
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For 0 / Qg Va' ( n E r ), we have B 1 ( Q ) ^ 0 (because B is an isomorphism). Hence 

(P;Q) = B- 1 (Q) (P)^0 
for some P G Pa ("P), and so (52) holds. 

Now, if 0 / ?£ Pa { n E) ■, then there is x G E such that P (x) ^ 0. We consider A x G E" defined by 

4s (p) =<p(x), 

for all if G E 1 and define 

T : P A (”P) -»• K 
T(P) = P(x). 

Obviously T is linear. Moreover, T is continuous and ||T|| < Ca„ ||ar||". In fact, for every P G Pa ( n P) 

l r (P)l = |P(*)I < l|P|l W n <C An INHIPIIa 

and so ||T|| < Ca„ ||x||™. Note that 

B{T) (f)=T(f n ) = f(x) n = (A x 0 f)) n 
for all f G E’. We conclude that the polynomial 

(A x ) n :E'^K 
(A x ) n (f) = f{x) n 

belongs to Pa' ( n E') and 

< P, ( A x ) n >= B~ x (( A x ) n ) (P) = T(P) =P(x ) ^ 0. 

Thus (51) is proved and hence the pair (Pa ( n E ) ,Pa' ( n P)) is a dual system. 


Now, let 


P = {PeP A ("P);||P|| A <i}- 

Since the bipolar of U, denoted by U°°, is absorbing we can consider the corresponding gauge 

p uoo (P) = inf {5 > 0; P G 5U°°} , 

defined for all P in Pa ( n E ). Recall that the polar of U is defined by 

U° = {Q G P A ' ("£'); |< P, Q >| < 1 for all PgP}. 


Hence 

U° = {Q G P A ' ("£'); I#” 1 (Q) (P)| < 1 for all P G P A ( n P), ||P|| A < 1} 

= {QgPa' ("P'); \\B~ X (Q)|| < 1}. 

Moreover, 

U°° = {P G P a ( n P); |< P, Q >| < 1 for all Q G U°} 

= {PgPa ( n P); |5 _1 (Q) (P)| < 1, for all Q G Va> ("P') with || B~ x (Q)|| < 1} 


and hence 


Pu oo (P) = inf {5 > 0; | B~ l (Q) (P)| < S , for all Q G P A ' ("P') with HP’ 1 (Q)|| < 1} . 

Since 

\b~HQ) (p)| < ||^ _1 (Q)|| II^IIa < II^IU, 

for all Q G Pa' ( n E ') with ||5 _1 (<5)|| < 1, it follows that 

(2-1) ^o 0 (P)<||P|| A) 

for all P G P A ( n P) • 
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Note that pu°° is a norm on Va ( n E) ■ In fact, we only have to prove that pu°° (P) = 0 implies P = 0. 
If pu°o (P ) = 0, then 

\B~HQ) ( p ) 1 = 0 

for all Q £ Va' ( n E') with || B~ 1 (Q)|| < 1. So, we conclude that 

< P,Q >= | B~ X (Q) (P)| =0 

for all Q £ Va' ( n E'). Hence, from (51) it follows that P = 0. 


From now on we will often use the Bipolar Theorem, which asserts that the bipolar of U coincides 
with the a (Va ( n E) ,Va' (".E'))-closure °f the absolutely convex hull T ( U ) of U. 

Proposition 2.1. If P £ Va ( n E) then 

||P|| < C^jpvoo (P). 

Proof. We know that 

\\P\\<C An ||P|| A> 

for all P £ Va ( n E). If P belongs to the absolutely convex hull T ( U ) of U, then 

m 

p = J2 x > p v 

3 =1 

where Pj £ U, Xj £ K, j = 1,..., m, for some m £ N, and 


Since Pj £ U, we have 
Therefore, 

(2.2) ||P|| = 


Ei A fi^ L 

j =i 

|Ptll<c An ||P,|| A <c A „. 


Ew 

i=i 


1=1 1=1 


for every P £ T ([/). Now if P £ Z7°°, which is the a ((Va ( n E ), Va' ( n P')))“ c i 0Sure °f T (17), let (Pi) ieI 
be a net in T (U) such that 


lim | < Pi , Q > | = | < P, Q > | 

i£l 


for all Q £ Va> ( n E'). So we have 


limlB- 1 (Q)(P t ) | = \B~ 1 (Q)(P)\ 

for all Q £ Va' ( n E'). In particular, for x £ Be, we have 
| P(x)\ = \B~ 1 ((A x ) n ) (P)| 


= lim |S 1 ((A x ) n ) (Pi)\ = lim |P* (x)| < C A 


iei 


iei 


Hence 

(2-3) ||P|| < C A „ 

for every PgU°°. Finally, for 0 ^ P £ V A ( n E ), let 

R = ( PU oo (P)y 1 P. 


We thus have 


pc/oo (R) = 1, 
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and this implies that 


| B^iQ) (P)| < 1 

for all Q £ Va' ( n E ') with || B~ l (Q)|| < 1. Thus R £ U°° and, consequently, from (12.31) we conclude 
that ||P|| < Ca„, i.e., 


( PU oo (P^P 


<C An 


and the result follows. 


□ 


We denote the completion of the space ( Va ( n E) ,Pu°°) by (P A ( n E ), ||-|| A ) . So the restriction of 
||-|| A to Va ( n E) is pu°° and Proposition 12.11 implies that 

P A ( n E) C V ( n E) 

and 

(2-4) ||P|| < C An \\P\\A , 

for all P in P A ( n E). 

Definition 2.2. The elements ofV A ( n E ) are called quasi-A n -homogeneous polynomials. 

Remark 2.3. When Va ( n E) is a Banach space then we have ||-|| A = ||-|| A and P A ( n E) = Va ( n E ). 

In fact, in this case, U is the closed unit ball in Va ( n E ), hence balanced and convex and r(t/) = U. 
By using the Bipolar Theorem we have 

U°° = Y(u) a ^ rE) ’' P&, ^ E '^ =T j°(-P±CE),r*{ n E')) = v 

and the last equality follows from Banach-Mazur Theorem. Hence 

PU oo ( P ) = inf {6 > 0; P G SU°°} = inf {5>0;Pe 617} = inf {<5 > 0; ||P|| A < 5} = ||P|| A . 

The next theorem plays a fundamental role in this work. It assures that the duals of P A ( n E ) and 
Va ( n E ) are identified by the Borel transform. 

Theorem 2.4. The linear mapping 

B: (V A ( n E)',\\.\\) ^(VA'( n E') s l\\ A ') 

BiT) (ip) = T (ip n ) 

is a topological isomorphism. 

Proof. We know that (Va ( n E) ,Pu°°) is dense in (P A ( n E ), ||-|| A ) ■ Thus the topological duals of both 
spaces are isometrically isomorphic. So we only need to prove that Va ( n E) has the same topological 
dual for the norm pu°° and for the quasi-norm ||-|| A . By (12.11) . for each T £ (Va ( n E) ,Pu°°)' w e have 

sup|T(P)|< sup \T (P)| 

Pel/ PuvvW )^ 1 

and this implies that the inclusion 

(VaCE) , PU oo)' ^ (VA( n E) ,\\.\\ A y 
is continuous. Now, let T £ (Va ( n E ), ||•|| A ) , . If P G T ( U ), then 

m 

i=i 

where Pj £ U, Xj £ K, j = 1,..., to, for some mSN, and 

m 

Ei A ^ L 

j= i 
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Thus 

m m 

(2.5) |T(P)|<^|A J |||T( J R ; )||< sup|T(Q)|^|A j |< sup |T(Q)| <+oo. 

Qeu Qeu 

If P £ U °°, then there exists a net (. Pi) ieI C T (U) such that 

|T(P)| =lim|T(P i )| ? sup \T(Q)\ < +oo. 

Qeu 

Hence T is bounded over U°° and so continuous for pu°°, as we wanted to show. □ 


The next result will be necessary in Section [I] It is clear that since Vf ( n E) is contained in Va ( n P), 
then Vf ( n E) is contained in V A ( n E ). 

Proposition 2.5. Let b£N. 

(a) If there exists K > 0 such that ||v5 n || A < K " > f or a H T 6 E ', then 

lk n llA<^IMI" <KC^ Ml 

for all ip £ E'. 

(b) IfVf ( n E ) is dense in ( Va ("£), ||-|| A ) > then Vf ( n E ) is dense in (V A ( n E ), ||-|| A ) . 

Proof, (a) By inequality (12.11) we have ||P|| A < ||P|| A , for every P £ Va ( n E ). In particular, for every 
ip £ E', 

M\\ K <M\\ A <KM n - 

Besides, (12.41) assures that 

Ill’ll < C'a, Ma 

for every ip £ E'. Now the result follows from the last two inequalities. 

(b) We know that pu°° (•) < ||-1| A (see (| 2.1 D 1 and pu°° (P) = ||P|| A , for all P £ Va ( n E ). Using this 
fact and the density of Vf \ n E ) in (Pa ( n E ), ||*||a) > the result follows. □ 


Now we are interested in connecting the previous construction with the concept of holomorphy type 
that we recall below. The notation for the derivatives of polynomials that we use are the same introduced 
by L. Nachbin in j5T] , 

Definition 2.6. A holomorphy type 0 from E to F is a sequence of Banach spaces (Ve{ n E; F))%L 0 , 
the norm on each of them being denoted by || ■ ||e, such that the following conditions hold true: 

(1) Each Ve( n E;F) is a linear subspace of V( n E; F). 

(2) P e (°P; P) coincides with V(°E;F) = F as a normed vector space. 

(3) There is a real number a > 1 for which the following is true: given any k £ No, n £ No, k < n, 
a £ E and P £ Ve( n E; F), we have 

d k P(a) £ V e { k E-F) and 


d k P(a) 


<a”||P|| e ||a|r- fc . 

e 


It is plain that each inclusion V@( n E-,F) C V( n E;F) is continuous and that ||P|| < cr n ||P||e for every 
P£V e ( n E ; P). 

The definition of holomorphy type motivates the next definition for quasi-normed spaces of homoge¬ 
neous polynomials. 






DUALITY IN BANACH AND QUASI-BANACH SPACES OF HOMOGENEOUS POLYNOMIALS 


7 


Definition 2.7. For each n £ No, let {Va { n E ), ||-|| A ) be a quasi-normed space, where Va {°E) = C. 
The sequence {Va { n E))^ =0 is stable for derivatives if 

(1) d k P {x) £ Va ( k E ) for each n £ No, P £ Va { n E) , k = 0,1,..., n and x £ E. 

(2) For each n £ No, k = 0,1,..., n, there is a constant C n , k > 0 such that 

nil ll 11 tl— k 


d k P (x) 


< Cn 


A 


for all x £ E. 

Theorem 2.8. Let {Va ( n -E))“L. 0 be a sequence stable for derivatives. If P £ P A ( n E), then 

d k P{x) £ P A ( k E ) 

and 

\d k P{x)\\~ <C n , k \\P\\ A \\xf- k , 

for every k = 0,1,..., n and x £ E, where C Uik is the constant of Definition \2. 7[ 

Proof. By hypothesis we have 


( 2 . 6 ) 


d k P{x) 


A 


< C n . k IIPII 


in—A; 


for all P £ Va { n E), k = 0,1,. ..,n and x £ E. Let £4 = {Q £ Va ( k E ) ; ||<5|| A < l} and let 14 be the 
absolutely convex hull of £4- Let pv k be the gauge of 14 (note that py k is a norm, since 14 is a bounded, 
balanced and convex neighborhood of zero). Consider 

: Va { n E) -»• Va ( k E ) 
i/j{P) = d k P{x). 

We know that 

(2-7) Pv k {Q)<\\Q\\A 

for every Q £ Va ( k E). In fact, since 14 is convex, balanced and absorbing, we have 
(2.8) V k c{Q£V A ( k E)-p Vk {Q)< 1} 

and, for Q £ Va ( k E ), Q ^ 0, we have 

Q 


Hence, 


and 


IMIa 

Q 


= l. 


A 


IIOII 


£U k c 14 


A 


PV k 


Q 


WQl 


< i, 


iETbI 

< C n , k \\P\ 


which shows (12771) . From m we get 

Pv k {d k P{x )) < d k P{x) 
for every P £ Va ( n E). Now let Q £ V n . Then 


0 = 

7=1 

with Pj £ U n , j = 1,..., m and |Ai| H-h |A m | = 1. Hence 


\\n—k 


A I 


(2.9) 


m 

p Vk {d k Q{x )) < Y, l A il Pv k (d k Pj{x)) 


7 = 1 
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— Cn.fc ||Pj || a II 2 - 

—k 


I n—k 


— Cn,k ||*E 

for every Q £ V n . 

If P € Va ( n E), P/0, then for every e > 0 we have 

P 
Pv n 


Pv n (P) + e 


< 1 


and it follows from the definition of py n that 


P 


PV. „ (P) + £ 


Hence, from (12.91) we have 


P\ 4 d 


P 


yPv n (P) + £ 

for every e > 0. Since e > 0 is arbitrary, we obtain 


( 2 . 10 ) 


e iv n = Vn. 


(*£) ) — \\x 


p Vk {d k P(x)) < C ntk ||a’||” k p Vn (P). 


I n—k 


From the Bipolar Theorem we know that U°° is the weak closure of V n - It is clear that (|2.8 \i holds for 
n in the place of k, so we also have 

V n c {Q £ Pa { n E) \pv n {Q) < 1} • 

Note that {Va { n E) ,pv n ) is consistent with the dual system {Va { n E) ,Va> { n E')) , and this means 
that the dual of Va { n E ) endowed with the topologies pv n and ||-|| A is the same. In fact, 

PU°° < PV n < PU n < II'll A 

and (Va { n E) ,Pu°° ) is dense in {V^ { n E) , ||-|| A ) . Hence 

{V A { n E) ,p UT )' = {V A { n E) ,\\-\\a)' 

= {VA'{ n E'), H-IIaO 

= {VA{ n E) : \\.\\ A y. 

From [55] 3.1 p. 130] we know that the closure of a convex set is the same no matter how we choose 
the topology (consistent with the dual system). Since V n is convex, we have 

rPv„ 


{Q € Va (' n E ); PvAQ) <1} = {QcVa ( n E ) vPvJQ) < 1} 


^(-PA("E),P A /( n E')) 


Hence 

( 2 . 11 ) 

Thus we have 

( 2 . 12 ) 


= {QeVA{ n E);p v JQ)<l} 

U° n ° = K < v ^ n E),V^{-E')) ={QgVa (n E) . pv ^ Q) < 1} . 

pu°°{i>{ p )) <pv k {i>{P)) 


l2U0t , 

< C n , k \\xf- k p Vn {P) 


I n—k 


5: Cn,k II^H 

for every P £ U°°. 

Now, let P £ Va ( n E ), P^O. From the argument used just after (12.31) we have 

P 


Pu°° {P) 


£ U 
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and hence 


Pu°° r l (m 
' \Pus°{P) 


(*£) ) — ||x 


l n—k 


and we finally conclude that 

pu°° {4>{P)) < Cn,fc INI" k Pu°°(P)- 
This implies that if is a continuous linear mapping from ('Pa ( n E) ,Pu°°) into ('Pa { k E) iPu%°) ■ We 
can now extend if to the completions (Pa ( n E) , || ||^) and (Pa ( k E) i II'IIa) an d the P ro °f is done. □ 

Corollary 2.9. If (Pa { n E))^L 0 is stable for derivatives with G Ut k < , then (P^ ( n P))^_ 0 is a 

holomorphy type. 

Proof. Since conditions (1) and (2) of Definition 12.61 are clear, we only have to prove (3). We will show 
that for a = 2, we obtain (3). Let P £ P^ ( n E ), k £ No, k < n and x £ E. By Theorem 12.81 we have 
d k P (x) £ P A ( k E ) and 


d k P (x) 


^^ttjIIPIIa 

a ( n — k )! 


i—k 


Hence 


k\ 


d k P (x) 


< 


% k!(n — k )! 


n ' iiPiixNr" fc <2 n np|ixiNr- fc ! 


as we wanted to show. 


□ 


Corollary [279] tells us how to use the results of this section to obtain a holomorphy type (P^ ( n E))^ =Q 
from (Pa ( n E))‘^L 0 . This result will be useful in Section [I] 


3. Prerequisites for the applications 

We are interested in applying the results of the previous section to obtain new examples of hypercyclic 
convolution operators and new existence and approximation results for convolution equations. We start 
presenting a little of the state of the art of both topics. 

If X is a topological space, a map / : X —>■ X is hypercyclic if the set { x , fix), f 2 ix), ...} is dense in 
X for some x £ X. In this case, x is said to be a hypercyclic vector for f. Hypercyclic translation and 
differentiation operators on spaces of entire functions of one complex variable were first investigated 
by Birkhoff [ 7 ] and MacLane 138] . Godefroy and Shapiro m pushed these results quite further by 
proving that every convolution operator on spaces of entire functions of several complex variables which 
is not a scalar multiple of the identity is hypercyclic. For the theory of hypercyclic operators and 
its ramifications we refer to and references therein. We remark that several results on the 

hypercyclicity of operators on spaces of entire functions on infinitely many complex variables appeared 
later (see, e.g., 0 0 E] El E3l ED] E21 EH [ 52 ] ). In 2007, Carando, Dirnant and Muro [12] proved some 
general results, including a solution to a problem posed in [1], that encompass as particular cases several 
of the above mentioned results. In |5], using the theory of holomorphy types, Bertoloto, Botelho, Favaro 
and Jatoba generalized the results of [12] to a more general setting. For instance, the following theorem 
from 0, when restricted to E = C” and Ve{ m C n ) = V( m C") recovers the famous result of Godefroy 
and Shapiro [3T] on the hypercyclicity of convolution operators on r H(C n ): 

Theorem [3 Theorem 2.7] Let E' be separable and (Vo( m E))™ =0 be a 7Ti-holomorphy type from 
E to C. Then every convolution operator on Hqi ,(£’) which is not a scalar multiple of the identity is 
hypercyclic. 

However, the spaces Vq^E) need to be Banach spaces and thus HebiE) becomes a Frechet space. 
When the spaces Ve( m E) are quasi-Banach, the respective space HebiE) is not Frechet and then some 
arguments used to prove the result above do not work. 

Also, several spaces of holomorphic mappings, which have arisen with the development of the theory 
of polynomial and operator ideals (see, for instance mmm), are not Frechet spaces and thus the 
investigation of this more general setting seems to be relevant. 
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The same problem happens in the investigation of existence and approximation results for convolution 
equations. This line of investigation was initiated by Malgrange [39] and developed by several authors 
(see, for instance dH HU H6l [^1 [231 EH [251 EH [271 [331 [3H SOI HU [42l [431 US S6l [50]). In this context, 
a result of [26] (refined in 0) gives a general method to prove existence and approximation results for 
convolution equations defined on certain spaces of entire functions of bounded type. The general process 
to prove existence and approximation results for convolution equations on TL<~,i,(E) involves three main 
steps: 

(i) To establish an isomorphism between the topological dual of TLeb(E) and a certain space £ of 
exponential-type holomorphic functions via Borel transform. 

(ii) To prove a division theorem for holomorphic functions on £, that is, if fg = h, g ^ 0, g, h £ £, 
/ £ 'H(E'), then it is possible to show that f € £. 

(iii) To handle the results of (i) and (ii) and use Hahn-Banach type theorems and the Dieudonne- 
Schwartz theorem that appears in [2l| . 

The absence of Hahn Banach and Dieudonne-Schwartz theorems for more general settings is a crucial 
obstacle for the development of a general theory. For some classes of polynomials Ve( m E) there are 
duality results via Borel transform but the step (iii) can not be accomplished. 

The results of Section 1, together with the results of [5], allow us to deal with these problematic 
cases of hypercyclicity and existence and approximation results for convolution equations. We shall 
use the results of Section 1 in such way that steps (i)-(iii) are applicable. It is worth mentioning that 
the proof of division theorems (step (ii)) for holomorphic functions is always a hardwork (see, e.g., 

[HI QH EH 122137! Hoi HD). 

Now we present some preliminary results for the applications. 

Definition 3.1. t 26j Definition 2.2] Let ('Pe( m E; F))™ =0 be a holomorphy type from E to F. A given 
f £ TL(E; F ) is said to be of O-holomorphy type of bounded type if 
(*) d m f( 0) £ V e ( m E- F), for all m £ N 0 , 

(n) (^rlM m /(0)||e) m = 0 . 

The vector subspace of Tt(E\F) of all such f is denoted by 'Heb(E\F) and becomes a Frechet space 
with the topology r© generated by the family of seminorms 

OO yyi 

f £ H eb (E-,F) h© ll/ll© p = £ ^\\d m fm\e, 

ml 

m =0 

for all p > 0 (see [15] Proposition 2.3]J. 

When F = C we represent TLeb(E] C) := TLob(E). 

The next two definitions are slight variations of the concepts of iii and 7 t 2 holomorphy types (originally 
introduced in [25] ) and they can be found in [5]. 

Definition 3.2. A holomorphy type (Ve( m E- : F))™=o from E to F is said to be a 7Ti-holomorphy type 
if the following conditions hold: 

(i) Polynomials of finite type belong to (Ve( m E- F))^_ 0 and there exists K > 0 such that 

\\r-b\\e<K m Ur-\\b\\ 

for all 4> £ E', b £ F and m £ N; 

(ii) For each m £ No, Vf( m E;F ) is dense in (Ve( m E; F), || • ||©). 

Definition 3.3. A holomorphy type (7 7 ©( m £ , ))^ =0 from E to C is said to be a ^-holomorphy type if 
for each T £ (Hqi,(E)}', to £ No and k £ No, k < m, the following conditions hold: 

(i) If P £ V@( m E) and A: E m —>■ C is the unique continuous symmetric m-linear mapping such 
that P = A 1 then the (to — k) -homogeneous polynomial 
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y^T(A(-) k y m ~ k ) 

belongs to V&( m ~ k E ); 

(ii) For constants C, p > 0 such that 

I T (/)| < C H/lle for every f £ Heb{E) 

(which exist since T £ ['HQb(E)]'), there is a constant K > 0 such that 

||T(Io' fc )lle < c ■ K m p k \\P\\e for every P £ Ve( m E). 


When we write “0 is a 7ri-7T2-holomorphy type”, it means that 0 is a 7Ti and a 7T2-holomorphy type. 

Let 0 be a 7Ti-holomorphy type from E to F. It is clear that the Borel transform 

Be: [Ve{ m E-,F)]' —► V{ m E'; F') , B @ T(4>)(y) = T{cf m y), 

for T G ['Po( m F; F)] , (f> G E' and y G F, is well-defined and linear. Moreover, by (i) and (ii) of Definition 
13.21 Be is continuous and injective. So, denoting the range of Be in P( m E'; F') by Ve’{ m E'-, F'), the 
correspondence 

B e T g V e f m E'-F') i ^ ||BeT||e' := ||T|| 
defines a norm on V & ( m E'-F'). 

In this fashion the spaces ([Ve( m E; F)]' , || • |j) and ( V@r( m E'-,F '), || • ||©/) are isometrically isomor¬ 
phic. For more details on this isomorphism we refer [5] or [26] . 

Definition 3.4. 0 Definition 2.6] Let 0 be a holomorphy type from E to C. 

(a) For a G E and f G Heb(F), the translation of f by a is defined by 

Taf:E —> C , (r a f) ( x) = f (x- a). 

By [26,[ Proposition 2.2] we have r a f G 'Heb(F). 

(b) A continuous linear operator L : 'H.Qb(E) —> HQ b (E) is called a convolution operator on Heb(E) if 
it is translation invariant, that is, 

L(r a f) = T a (L(f)) 

for all a G E and f G Heb{E). 

(c) For each functional T G (H.Qb{E)}', the operator Tq(T) is defined by 

reCD: neb(E) —»■ U^E) , f e (T)(/) = T * f, 
where the convolution product T * / is defined by 

{T * /) (a;) = T (r_ x /) for every x G E. 

(d) So G [7iQb{E)Y is the linear functional defined by 

S 0 : T~Le b {E) —> C , 5o(f) = /(0). 


3.1. Hypercyclicity results. Using the techniques developed in Section^ in the final section we shall 
provide new nontrivial applications of the following hypercyclicity results: 

Theorem 3.5. [5J Theorem 2.7] Let E' be separable and ('P@( rn E))™ =0 be a tti- holomorphy type from 
E to C. Then every convolution operator on 7teb(F) which is not a scalar multiple of the identity is 
hypercyclic. 

Theorem 3.6. [5] Theorem 2.8] Let E' be separable, (7 , e( m F))“ =0 be a tv\ -tt 2 -holomorphy type and 
T G [Heb(E)]' be a linear functional which is not a scalar multiple of Sq. Then ro(T) is a convolution 
operator that is not a scalar multiple of the identity, hence hypercyclic. 
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Remark 3.7. Since the proofs of Theorems l3.5l and l3.Gl are based on the hypercyclicity criterion obtained 
by Kitai [36] and later on rediscovered by Gethner and Shapiro [30] , the convolution operators of these 
theorems are in fact mixing , a property stronger than hypercyclicity. 

3.2. Existence and approximation results. 

Definition 3.8. Let ('Pe( m -E))m=o &e a ni-holomorphy type from E to C. An entire function f £ 'H(E') 
is said to be of O'-exponential type if 

(i) d m f( 0 ) £ p 0 /( m E / ) for every m £ No; 

(ii) There are constants C > 0 and c > 0 such that 

\\d m fm\e'<Cc m , 

for all m £ No- 

The vector space of all such functions is denoted by ExpQ'(E'). 

Definition 3.9. [261 Definition 4.1] Let U be an open subset of E and P(U) a collection of holomorphic 
functions from U into C. We say that P(U) is closed under division if, for each f and g in F(U), with 
g ^ 0 and h = f /g a holomorphic function on U, we have h £ J-(U). 

The quotient notation h = f/g means that f(x) = h{x) ■ g{x), for all x £ U. 

Now we are able to enunciate two results for convolution equations defined on 7teb(E) that we shall 
use, together with the techniques of Section [2] to obtain new existence and approximation results for 
convolution equations: 

Theorem 3.10. [26,, Theorem 4.2] If (T’©( m -E))^_ 0 is a ni-n 2 -holomorphy type, ExpQ>(E') is closed 
under division and L: T~Lq},{E) —> 7t©b(E) is a convolution operator, then the vector subspace of 
HQb(E) generated by the exponential polynomial solutions of the homogeneous equation L = 0, is dense 
in the closed subspace of all solutions of the homogeneous equation, that is, the vector subspace ofUsbiE) 
generated by 

C = {Pexpip; P £ Vq ( m E ), m £ No, p £ E',L ( Pexpp ) = 0} 

is dense in 

kerL = {/ Gn eb {E);Lf = 0}. 

Theorem 3.11. [26; Theorem 4.4] If ('P©( m .E))^_ 0 is a -holomorphy type, ExpQ>(E') is closed 
under division and L : %©{,(£?) —>■ %©t,(E) is a non zero convolution operator, then L is onto, that is, 

L(H @b (E)) = U e t (E). 


4. Applications 

4.1. Lorentz nuclear and summing polynomials: the basics. For the sake of completeness we will 
recall the concepts of Lorentz summing polynomials introduced in m and Lorentz nuclear polynomials 
introduced in [25] and related results. We start introducing some notations. 

We denote by cq(E) the Banach space (with the sup norm ll-H^) composed by the sequences (xj)jl 1 
in the Banach space E so that linin^oo x n = 0, and cqo(E) is the subspace of cq(E) formed by the 
sequences (xj)fL 1 for which there is a No such that x n = 0 for all n > Nq. When E = K := R or C 
we write Cq and coo instead of co(K) and coo(K), respectively. If u = ( Uj) £ cqo{E), the symbol card(u ) 
denotes the cardinality of the set {j;Uj ^0}. 

As usual loo (E) represents the Banach space of bounded sequences in the Banach space E, with the 
sup norm and := £ 00 (K). If m £ N, (adenotes (x\, ..., x m , 0,0,...), and when {xj)ffL 1 is a 
sequence of positive real numbers, we say that (xj)°T 1 admits a non-increasing rearrangement if there 
is an injection 7r : N —> N such that > x^( 2 ) > ■ • • and Xj = x n ^) for some i whenever Xj ^ 0. If 

p> 1, then p’ denotes the conjugate of p, i.e., | ^ = 1. 
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Definition 4.1. j37] Let E be a Banach space and 0 < r, q < + 00 . 

(a) For x = {xj)ffL 1 G £oo{E) we define 

a>E,n{%) '■= inf {||x — ; u € coo (E) and card{u) < n} . 


(b) The Lorentz sequence space £^ r ^{E) consists of all sequences x = {xj)fL l € £ x {E) such that 

G £q- 

\ / n= 1 

For x G £( r ^(E) we define the quasi-norm 

(nr-la Et n(x)) 

\ / n—1 


Ku?) 


(c) £™ r q )(E) is the space of all sequences (xj)TL 1 in E such that ||(yj(a; n ))^ = i||^ r < 00 for every 

ip G E'. For x G £™ r q ^(E) we define the quasi-norm 

ll(a ; n)^ = ilL i(r . i , ) := SU P ||(v(*n))~i||. .. 

M<1 ( , * > 

If endowed with the respective quasi-norms, £( r<q )(E) and £™ r q )(E) become complete spaces. 

It is well known that £^ r ^(E) C co(E) and if x = (xj)jT 1 G cq(E), then the sequence (||ajj||)^. 1 
admits a non-increasing rearrangement. 

Definition 4.2. [47], Definition 4.1] If 0 < p, q,r, s < 00 , an n-homogeneous polynomial P G V( n E' F ) 
is Lorentz ((s,p); (r, q))-summing if {P(x j )) c fL 1 G £( S , P ){F) for each {xj)^ G £^ q) (E). 

The vector space composed by the Lorentz ((s,p); (r, g))-summing n-homogeneous polynomials from 
E to F is denoted by Pa s (( s>p ) ; (r, 9 )) { n E; F). When n = 1 we write C. a s{{s,p)-,{r,q)){E\ F). 

When s = p, we write £ a s(s;(r, q )) instead of £ a s(0,s);(r,g))j when r = q, we denote C as ((s,p)-,q) instead 
°f £>a s((s,p);(q,q))- 

Note that when n = 1, s = p and r = q we have the usual concept of absolutely (p; < 7 )-summing 
operator. The space of absolutely (p; ^[-summing operators from E to F is represented by C as {p-,q)( E \ F). 
When p = q, we simply write £ as>p instead of C as ( p . q y For the theory of absolutely summing linear 
operators we refer to [18] . 

Theorem 4.3. [47J Theorem 4.2] For P G V(f L E\F), the following conditions are equivalent: 

(1) P is Lorentz ((s,p); (r,q))~summing. 

(2) There is C > 0 such that 

ii(p(^))r=iii (s ,p)<^iK^r=i 

for all m G N and xi,..., x m G E. 

(3) There is C > 0 such that 

ii(^))r=iii( S , P) <^iife)r=i 

for all (*,-)£* S £%\ q) {E). 

The infimum of the constants C for which the above inequalities hold is a quasi-norm (denoted by 

INI astts,py,(r,q))) f or 'Pas((s,p);(r, q ))( n E- 1 F) and, under this quasi-norm, V as ((s,p)-(r, q )) { n E\ F) is complete. 

Definition 4.4. [28], Definition 4.2] Let E and F be Banach spaces, n G N and r,q,s,p G [l,oo[ such 
that r < q, s' < p' and 


>(r,g) 


lw,(r,q) 
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An n-homogeneous polynomial P : E -A F is Lorentz (( r,q ); (s,p))-nuclear if 

OO 

(4.1) p{x) = Y, x A l fiA x )) n yp 

j =i 

with (Aj)£Li e ^(r.g), (<Pj)£Ll e ^y.p')^') and (%)^=1 e ^oo(^). 

We denote by PN,((r,q)-(s, P )){ n E; F) the subset of V( n E] F ) composed by the n-homogeneous polyno¬ 
mials which are Lorentz (( r,q ); (s,p))-nuclear. We define 

ll P llAr,((r, 9 );( S ,p)) = lllf || ||( rj g) 11(^1 L,( s>0 l|(%)j=l|lco ’ 

where the infimum is considered for all representations of P £ 'PN,((r,q);(s, P )){ n E', F) of the form (14.11) . 
Note that 

Ill’ll - ll^ > IU,((r-,g);(s,p)) ' 

From now on, unless stated otherwise, r, q €]1, oo[ and s,p £ [1, oo[, with r < q and s' < p'. 

Proposition 4.5. (28] Propositions 4.3 and 4.4] The space {Vn ,{{r. q )-(s, P )){ n E] F), IMIiv,((r, 9 );(s,p))) * s a 
complete quasi-normed space. Besides, for t n given by 

11 n 
t n q P' ’ 

there is a M > 0 so that 

ll-P + Q||jv,((r, g );(s,p)) - M (ll- P lllV,((r, g );( s ,p)) + ll < 9ll^,((r, 9 );(8,p)) > 

For this reason we call this quasi-norm a “quasi- t n -norm”. 

Theorem 4.6. (281 Theorem 5.4] If E' has the bounded approximation property, then the linear mapping 

^ : V N ,((r,q)fs,p))( n E-,F)' -A 7 ^asitr',q')-,{s', P '))( n E'\ F') 

given by ’P(T) = Pf is a topological isomorphism, where the map Pt : E' -A F' is given by 

Pt(p)(v) = T(tp n y). 

4.2. New hypercyclic, existence and approximation results. Now, suppose that E' has the 
bounded approximation property. The three steps below are common steps to obtain hypercyclic re¬ 
sults (Theorems 13.51 and 13.61) and existence and approximation results (Theorems 13.101 and 13.111) for 
convolution operators: 

(1) To obtain the spaces V^ q y, p y. { n E), for all n £ N, according to Definition 12.21 

(2) To prove that (pjv,(( r , g ) ;(s , P )) (" E)^j is a holomorphy type. 

(3) To prove that (pN t ((r, q y,( s ,p)) _ Q is a 7ri-7r 2 -holomorphy type. 

A further step to obtain Theorems 13. 101 and 13.Ill is: 

(4) To prove that Exp as (y y^ (E') (see Definition 13. Si bil is closed under division. 

Step (1) is satisfied due to Proposition 14.51 and Theorem 14.61 In fact, Theorem 14.61 assures that the 
Borel transform is an isomorphism between Vn, ((r, 9 );( 8 , p))( n E-,F)' and V^yyyyy^^E'^F'). Thus, 
we can consider, for each n £ N, the space V^ q y^ s ( n E), of all Lorentz ((r, q); ( s,p))-quasi-nuclear 
n-homogeneous polynomials from E to C, according to Definition 12.21 


N,((r,g);(s, p )) (" E )) 


n —0 


is a holomorphy type. We only have to prove 


Now, let us prove Step (2), i.e., (l 

that (Vfi q y^ s yj ( n E)^j is stable for derivatives with constant C n> k = ( see Proposition 14.71 

below) and the result follows from Corollary 12.91 
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Proposition 4.7. If P G Pjv,((r,q);(s,p)) ("F; F), fc = 1,..., n andx G E, then d k P (x) G Pjv, ((r, ?);(«, p)) ( k E\F ) 
and 


d k P (x) 


< 


n\ 


l n—k 


JV,((r,?);( g ,p)) - (n - fc)! " lljV -((r,?);(*,P» 


Proof. Let 


p (*) = X ( x )) r 


vp 


3 = 1 


with (A j )°l 1 G ^( r ,g), G (F') and fe)^ G ^°° ( p ) • Then 


(4.2) 


d k P (®) = (n X A i (*))" fc 


j=i 


for fc = 1,..., n. Let y = ^j-, and note that 

(a? (<pj ( y)T ~ k ) 


r, 

< 

( A 3)7=1 

'3 =1 

(r,q) 



in—/c 


(r.g) j£N 


Now we obtain 
n\ 


2—k 


(n — fc)! 


(X (<Pj (s/))" fc ) =i 


(r,g) 


(<Pi)7= 1 


< . ||a;ir~ fc 


(n — fc)! 


w,(s' ,p') 
k 


Til .. ,, n—k 

<-. -— M" 


(n — fc)! 
n\ 

(n — fc)! 


i—k 


( A ,)r=i 

sup \y>j (y)| s k 
(r,q) je N 

(<pj)7=i 

( A i)r=i 

(r,q) 

(<pj)7= 1 

n—k 

w,(s' ,p') 

(**)£ 

( A i)r=i 

(r.g) 

(^)r=i 

n 

w,(s' ,p') 



W= 1 
(%)“=! 


w,(s' ,p') 
k 


w,(s' ,p') 

< +oo. 


(yj)7= i 


Thus (14.21) is a valid Lorentz ((r, q) ; (s,p))-nuclear representation of d k P{x) and in view of the last 
inequalities we can write 

7.1 


d k P{x) 


Til ,,n—k 

< - -— lb 


JV >(( r >9);(s,p)) (n — fc)! 


(W=1 , , 1 

(r.q) 


Hence 


d fc P(a;) 


< 


n! 


w,(s' ,p') 


\n—k 


(vj)7=i 


N,({r, q y,( s , P )) ~ (n - fc)! 11 lljv »((r,g);( S , P )) 


as we wanted to show. 


□ 


Now we are able to define the space of Lorentz ((r, q) ; (s,p))-quasi-nuclear entire mappings of bounded 
type, according to Definition 13.11 

Definition 4.8. An entire mapping f: E — > C is said to be Lorentz ((r, q) ; (s,p))-quasi-nuclear of 
bounded type if 

(1) d n /(0) G V^ q) . {s>p)) ( n E), for all n G N 0) 

(2) lim (X d"/(0) 


= 0. 

N,((r,q);(s,p)) , 

The space of all entire mappings f: E — > C that are Lorentz ((r,q ); (s, p))-quasi-nuclear of bounded 
type is denoted by TLf] b q y^ s p ))i E ) and it is a Frechet space with the topology generated by the family 
of seminorms: 


(4.3) 


fen 


Nb,((r,q);(s,p)) 


( E ) ll/lljvb,((r,g);(s,p)),p = X lljv,((r,g);(s,p)) > 


m— 0 


for all p > 0. 
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Now we have to prove that (v^ q y^ s p y { n E) S j is a 7ri-7T2-holomorphy type. 

Proposition 4.9. ^jv,(( r ,,) ; ( SlP )) ("O) _ Q a tt i-holomorphy type. 

Proof. In [28] Example 4.5] it was proved that Vf ( n E ) is contained in Pjv,((r,g) ; (s,p)) ( n F) and 

ll0 n ||Af,((r, g );( S ,p)) = 

for all <j) £ E' and n £ N. Besides, from [28] Lemma 4.10] we know that the space of finite type 
polynomials Vf ( n E) is dense in (pN,((r,q);(s,p))( n E), ||-|| w g ) ; ( s , P ))) • Thus, it follows from Proposition 

ESIthat V f ( n E ) is dense in (^Ar,((r, g );( s , P ))("0> IMIjv,((r, g );( SlP ))) and 

(4-4) ll^ n HiV,(( r , g );( s , P )) = M". 

for all cj> £ E' and n £ N, since the constants K and Ca„, in this case, may be taken equal to 1. □ 

Proposition 4.10. ((r,?);(«, P )) O*-®)) _ Q a n 2 -holomorphy type. 

Proof. Let T £ ^(E) , n,k £ No, k <n and C, p > 0 be constants such that 

( 4 - 5 ) l T (/)l ^ C H/lljV6,((r,«);(-,p)),p fOT eVei y / € ((r,p))^)- 

For P £ Vfj /. p y ( n E ), we will show that the (n — fc)-homogeneous polynomial 


T 


(^T fc ) : 


E —s>C 

y^T(A{-) k y n ~ k ) 


where Al: E n —>■ C is the unique continuous symmetric n-linear mapping such that P = A, belongs to 

l|T( J d(')^ C )ll 7V,((r,q);(s, P )) — ^ ^ II ^11AT,((r,g);(s, P ))' 

First, suppose that P £ Pa r,((r,q);(s, P )){ n E). Thus 

OO 

r = 

1 = 1 

with (Aj) G and (<^j) G p ,AE'), and for every y £ E we have 

/ OO 

T (If)*) (2/) = T(AL(.) fe 2/"- fe ) = T ]Ta 


-fe 


= (^i) ^i(y) 

1=1 


1=1 
n—k 


Now, to prove that T G Pat ,((r,g);(s, P ))( n k E), we only have to show that (AjT (<^*)) G £( r ,q) 


since we already have (ipj) £ £™ s , p ,^{E'). First, note that 

US 


( T ($))?=! ^ = su P| T (^l)l < su P|kl 


W,((r,g);(s, P )), P 


"= Cp fe SUp IIV*! Iljv, (( r,9 );( «, p)) ^ Cp fc SU P ||^|| fe 


= Cp k 


(IbllDtr < C P k IM~i 


J—1 II w, (s', p') 
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Hence 




< 


(u?) 


<w=. ^ (wic. 


< <V 


(X) 

k 


(Aj)~ ( ,,,<oo 

' J, 3— 1 (r q) 1 ,P ) 

and it follows that T ^A(-) fc ^ 6 'PN,((r, q )-(s,p))( n ~ k E). Moreover 


T 


(^y 


N,((r,q);(s,p)) 


< 




i—k 


3 JJ j=\ MV'rJ/J—Mlw,(s',p') 


< 


(A,)^ 

= ^p fc (A,)~ 


(r,g) 


ms.ii; <«, 


fe)S. 


I n—k 


,(s',p') 


\oo 

(r,g) " " p') ‘ 


and so 


T 


(MV 


ns 


< 


N,((r, q );(s,p)) 


T 


(aw 


N,((r,q)\(s,p)) 


— CP** H-P|ljV,((r,<z);(s,p)) ' 


Now, if we define 

V' : 'PN,((r,q);(s,p)){ E) —> ’PjV,((r,g);(s,p)) ( E) 

POT 

and proceeding in a similar way as in the proof of Theorem 12.81 the result follows. □ 


Now we can state the hypercyclicity results in this new framework: 


Theorem 4.11. Let E' be separable. Then every convolution operator on TL^ b (( rq )-( S p)) (-®) which is 
not a scalar multiple of the identity is hypercyclic. 

Theorem 4.12. Let E' be separable and T £ ((r q )-(s p)) a linear functional which is not 

a scalar multiple of 5 q- Then rjv,((r,g);(s,p)) (T) is a convolution operator that is not a scalar multiple of 
the identity, hence hypercyclic. 

Remark 4.13. A recent result of Pinasco, Muro, Savransky [32] shows that nontrivial convolution 
operators on certain spaces of entire functions on a Banach space are strongly mixing in the gaussian 
sense, in particular frequently hypercyclic. We believe that, using the corresponding auxiliary results 
from [5], their result holds for TLeb{E), when 0 is a 7Ti-holomorphy type. In this case, the reasoning used 
to prove the two theorems above actually proves that the convolution operators of the two theorems 
above can be proved to be strongly mixing in the gaussian sense. 

Now, according to Definition 13.8f b~) we introduce the Lorentz summing functions of exponential type : 


Definition 4.14. An entire mapping f: E —> C is said to be of Lorentz ((s,p); (r, g))-summing 
exponential type if d n /( 0) £ 7 ? as((s,p);(r,g)) ( n E ), for all n £ No, and there are C > 0 and c > 0 such 
that 


d n f( 0) 


< Cc n , 

as((s,p);(r,q)) 


for all n £ No- 

The vector space of all these mappings is denoted by Exp as n s ^ p \.( r , q )) ( E ). 


This definition was motivated by the definition of mappings of exponential type (see [33] ) : 
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Definition 4.15. An entire mapping f: E — > F is said to be of exponential type if one of the 
following equivalent conditions holds: 

(i) There are C > 0 and c > 0 such that ||/(a;)|| < Cexp (c||x||), for all x £ E. 

(ii) There are D > 0 and d > 0 such that ||d m /(0)|| < Cc m , for all m £ N. 

(in) limsup m _ > , 00 \\d m f(0)\\™ < +oo. 

We denote by Exp(E\ F) the vector space of all entire mappings of exponential type from E into F. 
When F is the scalar field C we denote Exp(E) instead of Exp(E;C). 

The next two lemmata will be necessary for the proof of the division theorem (Theorem 14.1811 . The 
first is a division result due to Gupta (see [33] [34]) . 

Lemma 4.16. If f, g and h are entire mappings on E with values in C, / ^ 0, h(x) = f(x)g(x) for 
all x £ E, with f and h of exponential type on E, then g is of exponential type on E. 


Lemma 4.17. Let r,q,s,p £ [l,+oo[ with r < q and F be a Banach space. If f £ Exp(F) and 
g £ £a?Pa S ((r',g') ; (s',P')) ( F ) then fd is in Ex Pas((r’ ,g');(s' ,p')) ( F ) • 


Proof. For each k £ N, it follows from the uniqueness of the power series of a holomorphic function 
around a point of its domain that 

k 

d k ( fg) (0)(x) = J2kl^d l f(0){x) ^ d k ~ l g(0)(x) 

1=0 ’ ' 

for all x G F. Since / G Exp (F), there are C > 0 and c > 0 such that 


d n f{ 0) 


< Cc n 


for every n £ N. For || (xj)fL 1 1|^ (s , ^ < 1, we have ||a:j|| < 1 for every j £ N and so 


d n f( 0)( Xj ) 


< Cc n , 


for every n £ N. Thus 


k\ 


<?(/«) (0)fe) < cld77(rw7jT c 


d k l g(0)(xj) 


for all j £ N. Let ir: N —> N be an injection. Since r' > q' we have (using Lemma 3.1 of [47] ) 


OO 

| d k (fg) (0)K W ) 


3 =1 


^E 


k\ 


1=0 

k 


l\(k — l)\ 


oo 

E(F _ ^|^(0)(^ a ))|) 


3 = 1 


<^E 


k\ 


1=0 


i\(k-iy. 


(d k ~ l g( 0)^))^ 


( r ',q ') 


By Theorem 14.31 we have 


fd k ~ l g(0)(xj)) °° 

< 

d k ~ l g( 0) 

\ 1 3 =i 

( r ',q ') 



I k-l 


(xj)°(L 1 ii , , . 

as((r',q'),(s',p')) 11 J 3 ~ 11 “’>(»>?) 


< 


d k ~ l g( 0) 


as{(r' ,q'),(s' ,p')) 


for all l = 1,..., k. Thus 


OO 

E \d k {fg) (0)(ar 7r(j - ) ) 

i=i 




k) 


1=0 


l\(k —1)\ 


d k ~ l g( 0) 


as((r' ,q') ,(s' ,p')) 


and we conclude that ^ d k (fg) (0)(a; 7r (j)) ^ £ I( r ' ,q’) and thus [d k (fg) (0) (x w (j ))j £ cq. 
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Since 7r is arbitrary we have 

OO 

J2{j 7T ~ v d k (fg) (0)(x a{n ) ) 

J= 1 

for some injection a : N —> N. Hence 

k 

(d k (fg)( 0)0^)) “ <<?£- 

3 1 (r',q') ■ « ' 

Now, let 0 7^ £ P^ s , p '){F)- Defining 


( d k (fg) (0)(®j)) 


j=i 


(r',q') 


k\ 


3=1 , , M — Z!(fe — Z)! 


rf fe -'5(0) 


os((r',g'),(s',p')) 


2/j = 


r, 


|fe)~i 


J —1 II 'LL?,(s',p') 
= 1 


for all j £ N, we have 

11 (^3 ) j=l || utils' ,p') 

and using the previous estimates we obtain 

(dU/suoxx,))^ (r , t ,, 5 { c t,W^y c ‘ l # -‘ sl0 > 

Using again Theorem 14.31 it follows that d k g( 0 ) £ V as ((r',q')\{s’,p')) { k F) and 


as((r' ,q'),(s' ,p')) 


, \00 II K 
j '3=1 II w,(s',p') 


k\ 


d k (fg) (0) ;w , < Cj2 u (l ' d k ~ l g( 0) 

Since g £ Exp as (yyyj s 'y)) (F) there are D > 0 and d > 0 such that 


as((r' ,q’),(s' ,p')) 


d n g( 0) 


as((r',q'),( s '>P')) 


< Dd n 


for all n £ N. Hence 


d k (fg)( o) fft M <CDJ2 k - c l d k ~ l = CD (c + d) k 

as((r',q'),(s',p')) “ d(fc — /)! 


and fg £ Exp as{ y yyy y)) (F). 


□ 


Theorem 4.18 (Division Theorem). Let r, q, s,p £ [1, +oo[ with r < q and F be a Banach space. Then 
Exp as (( r / ,g');( s ' |P ')) (.F) is closed under division, that is, if f, g and h are entire mappings on F with values 
mC,/ / 0, and h = fg with f and h in Exp as ^ r f yyy yy ( F ), then g is also in Exp as u r i , g ') ; ( s ' y)) (F ). 


Proof. For each k £ N we have 


k\ 


d k h(0)(x ) = /(0)ri fc g(0)(a:) + I d l f{0)(x)d k l g(0)(x) 


and so 


f(0)d k g(0)(x) = d k h(0)(x) j2j^-jyd l fm^d k ~ l gmx) 

for all x £ F. Let us suppose /(0) ^ 0. For || (xj)y =1 1|^ , < 1, we have ||xj|| < 1 for every j £ N. 

Since || ■ |j < || • ||as((r',q');(s',p'))) it follows from Definition 14. 15f ii) that g is of exponential type. So there 
are C > 0 and c > 0 such that 

d k g( 0) < Cc k . 
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Therefore 


d k g(0)(xj) 


< 


l/(0)| 


d k h(0)(xj) 


C 


E 


k\ 


„k—l 


\m\^iKk-i)'- 


d l f(0)( Xj ) 


for every j £ N. Let 7r: N —> N be an injection. Since r' > q' we have (using Lemma 3.1 of [47]) 


OO 

E(^“^|^(0)(^0))|) 

7=1 


< 


l/(0)| 


OO 

7 = 1 


c 


k\ 


lE/iri- _ 


n k-l 


< 


l/(0)|^i!(fc-0! 

1 (d k h{ 0)(: 


OO 

e(^"^HV(o)(^ (J ))|)' 

7=1 


l/(0)| 

By Theorem 14.31 we have 


7=1 


C 


Ei 


jfe! 




(r',,0 |/(0)|^/!(fc-0 ! 


(<?/(0)(a 


7=1 


(r’,q') 


(d fc /i(0)(a; i ))^_ i 

< 

(r',q') 

d fc /i(0) 

/ ^ \ OO 

< 

( r ',q ') 

d*/(0) 


II (Xj)* J , < 

as((r',q'),(s',p')) " J llw ’( s ’P ) 

||(^)^l||' / / M — 

a 5 ((r',q'),0',p')) 


d k h( 0) 
d*/(0) 


as(0',9')>( s '>P')) 


as((r’,q’),(s'y)) 


for all l = 1,..., k. Thus 


OO 

E(E^|E(°)(^ ( 7))|) 

7 = 1 


< 


l/(0)| 


d k h{ 0) 


c 


1E1 


fc! 




We conclude that) 
we have 


{(r',q'),(s',p')) |/(0)|“d(fc - l)\ 

£ (-{r’y) and thus 


d l f{ 0) 


'7=1 


OO 

^(j±-7\d k g(0)(x aU) )\y 


7=1 


(d k g{ 0)(x n{j) 

(d k gm 


7=1 


7=1 


as((r',g')>( s '>P')) 

£ Co- Since 7r is arbitrary 

( r ',q ') 


for some injection er: N —>■ N. 

Now, let 0 ^ £ i™ s , p/ ^(F). Defining 


Vj = 




^ 3— 1IIit?,(s',p') 

for all j £ N, we have || (yj)°Z 1 1| w ^ = 1 and using the previous estimates we obtain 

(d k g( 0)(a 


7=1 


( r',q ') 


< 


l/(0)| 


d k h( 0) 


C 


Ei 


k\ 


„k—l 


as((r',q'),(s',p')) |/(0)|^/!(fc — l)\ 


d l f( 0) ) ||(^)^ 1 || fc . , . 

as{(r',q'),( S ',p'))J 11 3 3 11 “>(»'..P) 
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Using again Theorem l4.3l it follows that d k g( 0) £ P a s((r', q ')-,(s' y)) ( fc P) ■ Since f,h£ Exp as u r r yy/ s i y^ (F), 
there are A, B > 0 and a, b > 0 such that 


and 


d k h(0 ) 

<?/( 0 ) 


as{(r' ,q'),(s' ,p')) 


< Aa k 


as((r',q'),(s',p')) 


< BbK 


for l = 1,..., k. Hence 

(><7(0)0 


(r',9') 


<, 4A + “ lifer., 


3'3—*- II w,(s',p') 


l/(0)| |/(0)|^ ‘Z! (fe-0! 

for all (xjOjSa e ^Ts'y)^) an( f by the definition of IMIas((r',g'),(s', P ')) ( see Theorem l4~3l) we have 


d k 9(0 ) 


< Dd k , 

as((r',q'),(s',p')) 


with D = > 0 and d = a + b + c> 0. 

Now, suppose that /(0) = 0 and define 


/o (x) = f{x) + ip (x) 


and 

h 0 (x) = h(x) + ip (x) g (x) 

for all x £ F, where ip £ Exp as yy)-( s 'y)) (F), ip (0) ^ 0 and ip is non constant (for example, 
let ip (x) = 1 + P(x), with P £ Vas{(s,p)-,(r,q)){ n E ) for some n ± 0). Thus h 0 = fog, f 0 (0) ^ 0, 
fo £ Exp as ^ rl y).yy)) (F) and by Lemma 07171 h 0 £ Exp as y yyyy)) ( F). Applying the result we 
have just proved, it follows that g £ Exp as u r iyyr s 'y)) (F). □ 


For F = E', we have that Exp as y yyy yy ( E') is closed under division, and so it follows from 
Theorems 13.101 and 13.111 that we have existence and approximation results for convolution equations 
defined on TL^ b ((r q )-(s p)) f-®') as enunciated below. 

Theorem 4.19. The vector subspace of y q yr s p y(E), generated by the exponential polynomial 
solutions of the homogeneous equation L = 0, is dense in the closed subspace of all solutions of the 
homogeneous equation, that is, the vector subspace ofH^ b u r q)-( s p))(E) generated by 

E = jPexp p;P £ Pjy, ((r ,g );(SlP)) ( m E),m £ N 0 ,p £ E',L(Pexpip) = oj 

is dense in 

ker L = {f£n^ artqhM) (Ey,Lf = 0}. 

Theorem 4.20. If L is a non zero convolution operator, then 

E (^JV6,((r,g);(s,p)) (^)) = ^JV6,((r,g);(s, P )) ■ 
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